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PRELIMINARY

Abstract

In this paper, we investigate the implications of a model of consumption risk sharing where
infinitely-lived households face persistent idiosyncratic shocks to earnings, where the real-
izations of these shocks are private information and where there is limited enforcement of
risk-sharing contracts. We compare and contrast these implications with the implications
of other models of consumption risk sharing and with the data. We find, among other
things, that existing models of risk sharing imply that consumption is strongly skewed to
the left, but that our model implies a more symmetric distribution, an implication more
in line with the data.

1 Introduction

The purpose of this paper is to investigate the implications of a dynamic model of risk sharing

where infinitely-lived households face persistent shocks to earnings, and where the realization

of these earnings are private information. Goods are assumed to be perishable, and so the
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only way in which households can smooth consumption is by exchange or transfers. What we

assume here is that insurance is provided by risk-neutral firms who deliver a given amount of

continuation utility at minimal cost to themselves.

The computation of this model presents some formidable technical obstacles. Indeed, much of

the literature on optimal dynamic contracts with private information, including Thomas and

Worrall (1990b) and Phelan (1995)) have assumed, for the sake of tractability, that earnings

are i.i.d. Nevertheless, we are not the first to tackle this problem; Fernandes and Phelan

(2000) considered a two-state case with persistence, establishing some fundamental insights

that we build upon here. In particular, they note that, in contrast to the i.i.d. case, a recursive

formulation of the problem requires a multi-dimensional state variable. The state vector has

in fact as many dimensions as there are possible (discrete) levels of earnings. In the i.i.d.

case, it is sufficient to keep track of the continuation utility that must be delivered to the

agent; in the persistent case this is still true, except that one needs to keep track of the

continuation utility for each possible level of earnings in the previous period. The reason for

this is reasonably straightforward. In any period, the agent needs to be deterred from lying

about current earnings. That deterrence involves designing the continuation contract in such a

way that lying today is not strictly preferred to telling the truth. This feature of the contract

has to be followed up in future periods so that the agent does not regret his past decision to tell

the truth, because such regret, when viewed prospectively rather than retrospectively, will lead

to the agent misreporting his income. Using the terminology of Fernandes and Phelan (2000),

we say that the principal (insurance provider) must honour must keep not only his promises

but his threats.

In an environment with a continuum of shocks, Kapička (2008) (for discrete-time economies)

and Williams (2009) (for continuous-time economies) use a first-order approach that makes the

model tractable by reducing the dimension of the state space. The idea there is to reduce the

truth-telling condition—which says that telling the truth is no worse than reporting anything

else—to a first-order condition that says that the agent cannot increase his utility by lying a

little bit. Conditions are then imposed to ensure that if such local deviations do not increase
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utility, then no deviations increase utility. Our approach here is distinct from that—our earnings

space is after all discrete—but similar in spirit. We overcome the curse of dimensionality by

conjecturing that the incentive compatibility (truth-telling) constraints bind only locally. In

the discrete context, this means that, if the persistent shock can take I values, we only consider

the I − 1 one-step down deviations from truth-telling. That reduces the state space to just two

dimensions, one representing the continuation utility for an agent whose past persistent shock

was truthfully reported (“promised utility”), and one representing the continuation utility of

an agent who reported a persistent component one step below the truth (“threat utility”).

Obviously, the validity of this “relaxed” approach is not in general guaranteed. We therefore

present sufficient conditions that can be verified numerically to check that all the incentive

compatibility constraint hold.

Having established that the dimensionality of the state space is in principle equal to I (the

number of possible earnings shock levels) and then cut it down to the more manageable size

of two dimensions is, however, just the beginning. The state space is a strict subset of R2 and

for computational purposes it is crucial to determine what points are in this subset and what

points are not. By imposing an upper bound of zero on period utility, we immediately exclude

all points outside of R2
− but not all points in that set are relevant either. The point is that

not all conceivable pairs (promised utility,threat utility) is such that there exists a contract

(specifying transfers as a function of report histories) consistent with that pair. Normally a

numerical approach, based on Abreu et al. (1990a) is required to characterize this set. In this

paper, as a consequence of our assumption that period utility is bounded above, we are able

to solve analytically for the relevant state space under certain conditions: if both principal and

agent fully commit to the contract, then the feasible state space is a convex cone in R2
−. When

we relax the assumption of perfect commitment, the lower bound on the feasible set is no longer

a straight line and we have to solve for it numerically. But our approach nevertheless allows

us to avoid solving a fully-fledged functional equation; instead we find the lower bound of the

feasible set by solving a one-dimensional non-linear equation for each point where we want to

evaluate the lower bound.
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To confront the quantitative predictions of the model with data, we need a panel dataset of

individual consumption and earnings. Such panel data was not available until recently: the

Consumer Expenditure Survey (CEX) is traditionally used as a source of data on individual

level consumption but contains imprecise measures of earnings, while the Panel Study of Income

Dynamics (PSID) data are used as a source of information about individual level earnings, but

contain a very limited measure of consumption, namely food consumption. Recently, however,

progress has been made in constructing panel datasets that contain information about both

earnings and consumption. Gervais and Klein (2008) propose a new method of measuring earn-

ings in CEX in a way that is consistent with the measurement of consumption. Blundell et al.

(2005) suggest a procedure that imputes consumption from CEX dataset into PSID dataset.

The principal benefit of having such datasets is that we are able to obtain covariances between

consumption and income, and ultimately estimate parameters like the marginal propensity to

consume out of permanent and transitory shocks. We can then test the theories by comparing

the estimates from the data with the estimates generated by the model. Such tests are not

available if one does not have panel data with both consumption and income (as in Kaplan

(2006), Heathcote et al. (2008), or Heathcote et al. (2009)).1

We are agnostic about the exact mechanism through which the efficient allocations are imple-

mented in practice. It is, however, important to emphasize that private risk-sharing is not just

a theoretical construct, but a very real phenomenon. The most natural source of risk sharing

outside of government programs are transfers within the family and among friends. However,

explicit income insurance contracts do in fact exist as well, and are widely available in many

countries. Even in Sweden, a country whose government in 2008 spent about 16 percent of

GDP on transfer payments to households, has three competing providers of income insurance.2

Income protection insurance, as it is known in the United Kingdom, is competitively provided

by private companies as well.

1An alternative strategy would be to use datasets for foreign countries that contain both consumption and
earnings, e.g. the Italian Survey of Household Income and Wealth, see Krueger and Perri (2009).

2 These companies are E. N. Sak Försäkring i Europa AB, Accept örsäkringsaktiebolag, and Solid
Försäkringar.
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The framework we propose can be used to study risk sharing patterns not only in the United

States and other developed countries, but also in developing countries where family transfers

are more common and are well documented. For instance, the Townsend Thai Data contain

detailed panel data on consumption and income, but also on transfers, gifts, borrowing and

lending. One could then explicitly compare the borrowing and lending patterns predicted by

the theory, and observed in the data.

It is also worth noting that our theoretical approach is not limited to the question of con-

sumption insurance. It can be used to answer other important questions where both private

information and persistence of shocks is essential. For instance, it can be used to analyze opti-

mal taxation (see Albanesi and Sleet (2006) who assume that individuals face i.i.d. productivity

shocks) or firm financing constraints and firm dynamics (see Clementi and Hopenhayn (2006)

who assume that firms face i.i.d. revenue shocks). Another potential application is optimal

health insurance, especially long-term care. Health shocks are clearly persistent, and Finkel-

stein and McGarry (2006) provide evidence that there is private information with respect to

the probability of requiring long-term care in the future. However, the existing literature does

not typically construct explicit dynamic models with private information but rather provides

empirical tests of selected testable predictions (see for instance Chiappori et al. (2006)).

The paper is organized as follows. Section 2 attempts to situate our paper in the existing

literature. Section 3 lays out the model framework and establishes some important theoretical

results. In Section 4, we talk about our data sources and our approach to modelling an earnings

process. Section 5 presents a very preliminary confrontation between our model and the data,

comparing and contrasting the implications of not just our model but also some other models

of consumption risk sharing with some moments of the data. Section 6 concludes.
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2 Relationship to the existing literature

We add value to the existing literature along two dimensions: 1) we explicitly compute the dy-

namic private information model for a realistic calibration of the stochastic process for earnings,

and 2) use a panel data on consumption and earnings to confront the private information model

with data, and with the implications of other theories. The existing literature that computes

models private information frictions falls short in both dimensions.3

Ales and Maziero (2009) use a private information Mirrlees type economy to explain the rise

of consumption inequality over the life cycle. For the sake of tractability, they assume that

the private information shocks are i.i.d. Similarly, Kaplan (2006) uses a Mirrlees type economy

to study changes in the cross sectional distribution of consumption and wages in the U.S.

economy, and considers both models with private information and limited enforcement. To

keep the model tractable, he assumes that productivity depends on a publicly observable fixed-

effect and a privately observable i.i.d. transitory shock. Neither of those models test the

predictions of the theories on a joint panel data of consumption and earnings. Kinnan (2009)

distinguishes between limited enforcement and moral hazard models where past marginal utility

of consumption is a sufficient statistics for current consumption (see Kocherlakota (1996)),

and hidden income models where it is not. She uses the Townsend Thai data to test those

predictions. Her hidden income model also assumes i.i.d. shocks. Paulson and Townsend (2004)

and Karaivanov et al. (2007) compute moral hazard models and limited enforcement models

and compare them in their ability to explain patterns in Thai data. However, in order to do

so, they assume a very simple structure of their model, which is essentially static. They are

therefore unable to study dynamic implications of moral hazard and limited liability models.

In an interesting and related paper, Attanasio and Pavoni (2007) show, using data from United

Kingdom, that models with moral hazard and hidden savings are able to explain the observed

3There is also a large part of the literature that only tests one (or several selected) particular implications
of a theory of private information, rather than computing the efficient allocations explicitly (Ligon (1998),
Kocherlakota and Pistaferri (2009)).
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excess smoothness of consumption. Their model considers a very different set of frictions than

those of our model. While our main goal is to confront the model with data, with a Bewley

economy and with an economy with only limited enforcement, we should also be able to contrast

the empirical implications of our model with the empirical implications of their model. The

fact that they are able to provide a closed form solution in some special cases should make this

comparison relatively easy.

Finally, other researchers have explicitly computed dynamic models with only enforcement

frictions for realistic stochastic process for earnings and confronted them with data in a similar

way. Krueger and Perri (2005) specify the stochastic process for earnings in essentially the

same way as we do, and study the changes in U.S. consumption inequality. Krueger and

Perri (2004a) are closer to our exercise in that they use a model with limited enforcement

to explain the extent of risk sharing in the U.S. economy. They find that, while the limited

enforcement economy is able to match the level of risk sharing better than the Bewley economy,

it predicts that consumption responds asymmetrically to increases and decreases in earnings,

something that is not found in the data. Critically, they do not study whether adding a private

information friction can help to reconcile the theoretical predictions with the data. Also, they

do not distinguish between transitory and permanent components of earnings.

3 The model environment and some theoretical results

Each household lives forever in discrete time. Endowments of dated, perishable goods follow a

finite-state Markov chain with state space {y1, y2, . . . , yN} where y1 < y2 < . . . < yN and prob-

ability transition function π(i|j). Households rank stochastic consumption sequences according

to the utility function

E

[
∞∑
t=0

βtu(ct)

]
where u : R+ → R− is increasing, differentiable and bounded above by 0; in fact we assume that

limc→∞ u(c) = 0. Meanwhile, insurance providers evaluate sequences of transfers τt according
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to the cost function

E

[
∞∑
t=0

R−tτt

]
.

Notice that we do not assume that R = β−1, rather, R is determined in general equlibrium.

The assumption that R is a time-independent constant reflects the focus on the stationary

distribution to which the economy converges as time t→∞.

Insurance providers (principals) sign, at time t = 0, mutually agreeable risk sharing contracts

with households (agents). For now, we assume full commmitment on both sides of the contract.

Later on, we will change this assumption and assume only one-sided commitment, assuming

that the agent can walk away from his contractual commitments and go live in autarky. We

make this assumption partly because it is plausible in itself but mainly to avoid the notorious

immiserization result established by, among others, Thomas and Worrall (1990a). What this

result says is that consumption will eventually, with probability one, converge to its lower

bound, leading to a trivial, degenerate distribution of consumption. There are of course other

ways to avoid this, such as letting agents die as in Smith and Wang (2006), but here we avoid it

by allowing agents to walk away from the contract when the terms become sufficiently onerous.

Of course, contracts will in equilibrium be designed in such a way that agents never actually

do walk away; in this sense, our model is not a model of bankruptcy.

In order to provide a recursive representation of the optimal contracting problem, we introduce,

as a state variable the promised utility assured to an agent who was truthful in the previous

period, denoted by v. Of course we also need to keep track of the previous period’s reported

earnings state i−. However, as we have already mentioned, this is not enough; we also need to

keep track of the continuation utility promised to an agent who claimed to be in state i− in

the previous period but was in fact in state (i−) + 1. (Of course this only applies if i− < N .)

We denote this liar’s continuation utility by v̂.

Denote the transfer to an agent who has reported shock i by τi. His continuation utility is w′
î,i
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where î is the report of the agent and i is the shock. The incentive compatibility is

U(yi + τi) + βw′i,i ≥ U(yi + τj) + βw′j,i ∀i, j = 1 . . . N.2

3.1 A Relaxed Problem

We therefore examine an alternative route by analyzing a relaxed problem, where only local

one-step-down incentive compatibility constraints are assumed to bind: for all it−1 and for

it = 2, . . . , N , we only impose the following constraints:

U
(
yit + τt(i

t)
)

+ βW
(
τ|it , it

)
≥ U

(
yit + τt(i

t−1, it − 1)
)

+ βW
(
τ|(it−1,it−1), it

)
, (1)

for all it, and that ll the other constraints are slack. A relaxed problem also assumes that

lifetime utility of the truthteller and one-step deviator cannot exceed the autarchic value:

W
(
τ|it , it

)
≥ V AUT(it) (2)

W
(
τ|it , it + 1

)
≥ V AUT(it + 1). (3)

As we shall show, the relaxed problem has an advantage that its recursive formulation involves

only two continuous dimensions, one for the truthteller, and one for an agent whose shock is

one step higher (since only this agent could have reported the same shock as the truthteller).

The recursive formulation is studied in the next section in two steps. First, it is shown that

the set of lifetime utility of the truthteller and the one-step-down deviator that are obtainable

for some i = 1, . . . N − 1

V∗i = {W (τ, i),W (τ, i+ 1) | there exists τ s.t. (1)− (3) holds} (4)

has a recursive structure in the style of Abreu et al. (1990b). In the second step, the principal’s

cost function of the relaxed problem is shown to satisfy a dynamic program. The state space

of the dynamic program is be represented by the sets V∗i .
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3.2 Recursive Formulation of the Relaxed Problem

An allocation in the recursive formulation is given by {τi, wi, ŵi}Ni=1, where τj ≥ 0 denotes a

transfer to an agent who currently reports shock j,wi corresponds to the truthteller’s continua-

tion utility, and ŵi−1 corresponds to a continuation utility of type i that reports i−1. Incentive

compatibility requires that the agents prefer to tell the truth about their shock to reporting

one step lower shock:

U(yi + τi) + βwii ≥ U(yi + τi−1) + βwii−1 ∀i = 2 . . . N.

Before proceeding further, we will change the notation as follows: Let ui = U(yi + τi) for all

i = 1, . . . , N . The current utility of an agent who receives income yi, but reports yi−1 is then

given be ψ(ui−1), where ψ(u) = U (δ + U−1(u)). The function ψ is increasing in u, and satisfies

ψ(0) = 0, ψ(−∞) = U(δ) and ψ(u) > u for any u < 0. To get additional properties, we assume:

Assumption 1 Either −U
′′(c)

U ′(c)
is decreasing in c, or −cU

′′(c)
U ′(c)

is decreasing in c.

We then have the following result:

Lemma 1 If Assumption 1 holds then ψ(u) is convex in u.

Redefine the allocation by replacing the transfers by the current period utility u. The allocation

in the relaxed problem is thus given by (u,w, ŵ) = {ui, wi, ŵi}Ni=1. The incentive compatibility

constraint of the relaxed problem can then be written as

ui + βwi ≥ ψ(ui−1) + βŵi−1 ∀i = 2 . . . N. (5)

Note that there is no incentive constraint for i = 1, because no agent has a lower income.

It is also required that reporting truthfully and choosing autarky at the beginning of the next

period cannot be optimal:

wi ≥ V AUT(i), i = 1, . . . , N. (6)
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In addition, misreporting the current shock and then choosing autarky cannot be optimal as

well:

ŵi−1 ≥ V AUT(i), i = 2, . . . , N. (7)

Let V = (V1, . . . ,VN−1) be an arbitrary collection of sets where Vi ⊆ R2
−. An allocation is said

to be admissible with respect to V if it satisfies the incentive compatibility constraint (15), the

lower bound constraints (6) and (7), and

(wi, ŵi) ∈ Vi ∀ i = 1 . . . N − 1.

That is, the set Vi is the set of pairs of the continuation utility a type i agent gents, and the

continuation utility that a type i+ 1 gets, if he reports i. Note that there is no set VN , because

no agent can lie downwards, and report N at the same time.

Denote the lifetime utility of the agent who truthfully reported to have a shock i− last period

by v, and the lifetime utility of a liar who reported a shock i− last period but in fact had a

shock i− + 1 by v̂. They are given by

v =
N∑
i=1

(ui + βwi)π(i|i−) (8)

v̂ =
N∑
i=1

(ui + βwi)π(i|i− + 1). (9)

If an allocation (u,w, ŵ) is admissible with respect to V and delivers such a pair of lifetime

utilities, it is said to support (v, v̂) given V and i−. This defines an operator T that for each

i− generates a new set T V i− as follows:

T V i− = {(v, v̂)| There exists an allocation that supports (v, v̂) given V and i−}.

A key result of this section shows that the collection of sets V∗ = (V∗1 , . . . ,V∗N−1) defined in (4)

is a fixed point of the operator T :

Proposition 1

T V∗ = V∗.
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The set of lifetime utility pairs therefore has a recursive representation. This is necessary for

the recursive formulation of the social planner’s problem, where the sets V∗i will form its state

space.

3.2.1 Characterizing V∗

A convenient property of the collection of sets V∗ is that they are related in a simple one

directional way. To solve for V∗1 , no other set is needed. To solve for V∗2 , only V∗1 is needed,

and so on. V∗i is also clearly nonempty, since (0, 0) ∈ V∗i for all i. The following Proposition

shows that V∗i is convex whenever the utility exhibits either decreasing absolute risk aversion,

or decreasing relative risk aversion:

Proposition 2 If Assumption 1 holds then V∗i is convex for all i.

From now on, we will assume that Assumption 1 holds. Note that the convexity result depends

crucially on the first-order approach. If there is any incentive compatibility constraint that

binds in the opposite direction (e.g. agent i lying to be i+ 1), then the result will not hold.

To further characterize the set V∗i , we we need to put more structure on the transition matrix.

We assume that the transition matrix satisfies the monotone likelihood ratio property :

Assumption 2 (MLRP) π(j|i+1)
π(j|i) is increasing in j.

MLRP in our context means that the difference between the deviator’s and the truthteller’s

probability will be the largest for the largest shock, regardless of what the last period shock

was. As we shall see, this property will be critical for determining the upper contour of V .

MLRP implies the following:

Lemma 2 If Assumption 2 holds, then Π(i|i−) ≥ Π(i|i− + 1) ∀i, i−.
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MLPR thus implies a very natural definition of persistence: For any shock i, the probability of

getting shocks lower then i is decreasing in i−. In fact, MLRP is stronger than persistence. For

the results that follow it would not be enough to assume that Π(i|i−) ≥ Π(i|i− + 1) ∀i, i−.

A very convenient way of characterizing the set of admissible utilities V∗i is to characterize its

the lower and upper contour. Define them by

V ∗(v, i) = min{v̂|(v, v̂) ∈ V∗i },

V
∗
(v, i) = max{v̂|(v, v̂) ∈ V∗i }.

Next Proposition provides a sharp characterization of the sets V∗ if the lower bound on utility

is minus infinity.

Proposition 3 Suppose that V AUT(i) = −∞ for all i = 1, . . . N . Let i ∈ 1, . . . N − 1. The

boundaries of the set V∗i are given by

V
∗
(v, i) = qiv

V ∗(v, i) = v,

where qi = π(1|i+1)
π(1|i) .

The Proposition shows that the sets V∗i for i = 1, . . . , N − 1 are cones, and provides a complete

characterization of the cones. The blue cone in Figure 1 is a typical set of admissible utilities

Vi.

The intuition behind the shape of the lower contour of V∗i is the following: Any feasible allo-

cation that is independent of the report delivers v̂ = v. Hence it must be true that the lower

bound is below v. On the other hand, the deviator has always the option of pretending he is of

the lower type. If he does so, he consumes all the transfers of the lower type. However, since

his past endowment is higher and MLRP holds, Lemma 6 implies that he can secure himself

at least v̂ ≥ v. Hence the lower contour is above v. Taken together, the lower contour of V∗i
equals v.
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Figure 1: The Set of Admissible v, v̂ Pairs

v

v̂

0

45!q iv

V OUT(i )

V OUT(i + 1)

To prove that the upper contour has the property given in Proposition 3, ignore first the

incentive compatibility constraint and solve for the resulting upper bound. The solution is to

assign lifetime utility ui + βwi as low as possible to a state where the deviator is the least

likely to be relative to the truthteller, and zero otherwise. Given MLRP, this state is the lowest

state i = 1. But such an allocation satisfies the incentive compatibility constraint (15) because

agents with shock i = 3, . . . , N are indifferent between reporting their shock and a shock i− 1,

while an agent with shock i = 2 strictly prefers to tell the truth to reporting i = 1. Hence

the upper bound on the upper contour coincides with the upper contour. One can easily verify

that the upper contour then takes the form given in Proposition 3.

Note that Proposition 3 depends critically on MLRP, but does not depend on the convexity

assumption. On the other hand, Proposition 2 does not depend on MLRP, but depends on

the convexity assumption. Depending on which assumption holds, it is possible to have a
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situation such that V∗i is convex but does not have linear boundaries, or such that V∗i has linear

boundaries, but is not convex. Finally, note that is the shocks are i.i.d., π(1|i+1)
π(1|i) = 1 and the

cone shrinks to a line with a slope of -1. That is, the deviator’s utility is always the same as

the truthteller’s utility.

Allocations that support the upper and lower contour are given by the following corollary. The

proof follows from the arguments in the proof of Proposition (3).

Corollary 1 Let i− ∈ 1, . . . N − 1.

1. Suppose that the promised utility pair (v, v̂) is on the upper contour. Then any allocation

such that u1 and w1 solve u1 +βw1 = v
γ
, ŵ1 = π(1|i−+1)

π(1|i−) w1, ui = wi = 0 for all i = 2, . . . N

supports (v, v̂).

2. Suppose that the promised utility pair (v, v̂) is on the lower contour. Then any allocation

such that u1 = 0, w1 = v
β
, ŵ1 = w1, and ui and wi solve ui + βwi = v for all i = 2, . . . N

supports (v, v̂).

Note also there is an asymmetry in the supporting allocations. For the upper boundary, one

can choose the continuation utilities to be no smaller than v. That is, imposing a lower bound

on promised utilities greater than minus infinity will not affect the upper contour above that

lower bound. The same is not true of the lower bound. Imposing a lower bound on promised

utility greater than minus infinity will therefore affect the whole lower contour. In particular,

the boundary will shift inwards. It is going to be nonlinear. We can, however, partially

characterize it as follows:

Proposition 4 Let i ∈ 1, . . . N − 1. The upper and lower boundaries of the set V∗i satisfy

V
∗
(v, i) = qiv,

V ∗
(
V AUT(i), i

)
= V AUT(i+ 1).

In addition, the constraint (7) never binds.
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The green set in Figure 1 is a typical set of admissible utilities Vi when the value of autarky is

finite. Note that V∗i is inside of the set of admissible utilities when the lower bound is minus

infinity. That is intuitive: decreasing the autarkic value relaxes the constraints on the insurance

provider, and allows him to achieve more.

While there is no closed form solution for the lower boundary, we can still characterize its value

at the autarchic promised utility V AUT(i). The Proposition shows that the value of the lower

boundary is the autarchic value of the deviator V AUT(i+ 1). Remarkably, the result holds even

if the constraint (7) is not explicitly imposed. Since the lower boundary is increasing, it follows

that once the constraint (6) is imposed, it is never optimal to deviate jointly by misreporting

in the current period and then choosing autarky. Constraint (7) can thus be ignored.

We also have the following corollary regarding monotonicity of lifetime utilities:

Corollary 2 ui + βwi is increasing in i.

Beyond the southwest corner of the feasible set under limited enforcement, we use a numerical

approach to characterize the lower bound. The approach involves computing a sequence of

segments that together constitute the lower bound. We deescribe the approach here in the

context of the two-state case where yt can only take two values: y` and yh where y` < yh. (A

generalization is not hard but is a bit heavier in notation.) Denote the probability of staying

in the low state by p and the probability of staying in the high state by q. The definition of

the lower bound on v̂ given v, denoted by Ω(v), is as follows.

Ω(v) = min{qλh + (1− q)λ`}

subject to

pλ` + (1− p)λh = v,

λh ≥ u(yh + τ`) + βΩ(w′`)

and w′` ≥ vaut` and w′h ≥ vauth .
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When constructing the function Ω(v), we exploit a feature of the functional equation which is

that though it defines the function Ω(v) in terms of itself, the value of Ω(v) at any particular

v depends at most on the values of that function for arguments ṽ < v. Thus we can construct

the function without any iteration.

To construct the function Ω(v), it is convenient to define the following objects.

λ` = u(y` + τ`) + βw′`

and

λh = u(yh + τh) + βw′h

where τ` and τh are the current-period transfer payments designed for the low and the high

type, respectively and w′` and w′h are the continuation utilities as of the next period designed

for the two current-period types. The meaning of the notation λaut` and λauth should hopefully

be obvious.

The next step is to note that it is in fact easier to construct a function λ`(λh) as a stepping-

stone to constructing Ω(v). For every pair of v and corresponding minimal feasible v̂, there is

a pair λ` and λh that realizes it. The definitions

v = pλ` + (1− p)λh

and

v̂ = (1− q)λ` + qλh

make it easy to back out the vs and v̂s once we have computed the mapping from λh to λ`. So,

with some abuse of notation, we will now try to construct the mapping λ`(λh). We begin, of

course, with the point (v, v̂) = (vaut` , vauth ) which corresponds to the point (λh, λ`) = (λauth , λaut` ).

Thus λ`(λ
aut
h = λauth . Starting from this point, we construct an initial segment where all the

points in the segment are supported by w′` = vaut` . To find τ ` for any given λh on this segment,

we impose truth-telling as an equality so that

u(yh + τ`) + βvauth = λh.
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Solving this yields τ`. We can then find λ` by using

λ` = u(y` + τ`) + βvaut` .

At some point, however, this approach no longer works and the initial segment ends. This

happens when the implied τ` becomes infinite, i.e. λh reaches a critical value defined by

λh = βvauth .

Beyond that point, it is no longer feasible to keep increasing τ`. The threat that guarantees

truth-telling and sustains the lower bound is no longer vauth but some other point on the bound-

ary of the feasible set. To find it, we exploit the fact that we have already computed λ`(λh)

for values of λh that satisfy λv ≥ λh. This means that the following equation, which is the

truth-telling condition regarded as an equality when τ` = +∞, can in fact be solved for λ′h.

λh = β[(1− q)λ`(λ′h) + qλ′h].

The reason this can be solved is that the solution is guaranteed to be no greater than λh itself.

Armed with a value for λ′h, we can then find λ` via the equation

λ` = β[pλ`(λ
′
h) + (1− p)λ′h].

Thus to find the feasible set in the limited enforcement case does not really involve solving a

fully-fledged functional equation but can be done segment by segment without iteration.

3.3 Principal’s problem after the initial period

After the agent has signed up with the principal, the efficient contract after the initial period

solves the following dynamic program. For each i = 1, . . . , N the value function satisfies

C(v, v̂, i−) = min
u,w,ŵ

N∑
i=1

[U−1(ui)− yi +
1

R
C(wi, ŵi, i)]π(i|i−) (10)
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subject to a constraint that

(u,w, ŵ) supports (v, v̂) given V∗ and i−.

The constraint set can be equivalently be written as a requirement that the constraints (15)

- (17) all holds. Note that C(v, v̂, N) is independent of v̂ since there is no threat keeping

constraint if the last period report is N .

The Principle of Optimality for the principal problem’s after the first period implies that C

solves its corresponding sequence problem where the principal minimizes
∑∞

t=0

∑
it R

−tτt(i
t)µ(it|i−1)

by choosing a transfer scheme subject to constraint (1) -(3), and a requirement that W (τ, i) = v

and W (τ, i+ 1) = v̂.

We show that the cost function is strictly convex jointly in the promised utility and the threat

utility:

Lemma 3 C(v, v̂, i−) is strictly convex in (v, v̂) for all i− = 1, . . . , N .

Proof of Lemma 3. Fix i− and define an operator T by the right-hand side of the Bellman

equation (10):

Tf(v, v̂, i−) = min
u,w,ŵ

N∑
i=1

[U−1(ui)− yi +
1

R
f(wi, ŵi, i)]π(i|i−)

subject to

(u,w, ŵ) supports (v, v̂) given V∗ and i−.

Suppose that (ua, wa, ŵa) solves the principal’s problem for a promised and threat utility pair

(va, v̂a). Similarly, let (ub, wb, ŵb) solve the principal’s problem for a promised and threat utility

pair (vb, v̂b). Let also vλ = λva + (1−λ)vb and v̂λ = λv̂a + (1−λ)v̂b for some λ ∈ (0, 1). Define

(uλ, wλ, ŵλ) similarly.

We first show that if (ua, wa, ŵa) supports (va, v̂a), and (ub, wb, ŵb) supports (vb, v̂b) given V∗

and i− then (uλ, wλ, ŵλ) supports (vλ, v̂λ) given V∗ and i−. Clearly, the allocation (uλ, wλ, ŵλ)
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delivers a promised utility and threat utility pair (vλ, v̂λ), since (16) and (17) are both linear

in all the variables. The incentive compatibility constraint (15) is satisfied as well, since for all

i = 1, . . . N ,

uλi + βwλi = λ(uai + βwai ) + (1− λ)(ubi + βwbi )

≥ λ
[
ψ(uai−1) + βŵai−1

]
+ (1− λ)

[
ψ(ubi−1) + βŵbi−1

]
= λψ(uai−1) + (1− λ)(ψ(ubi−1) + βŵλi−1

≥ ψ(uλi−1) + βŵλi−1,

where the first inequality follows from the fact that last inequality follows from the fact that

(15) holds for both (ua, wa, ŵa) and (ub, wb, ŵb), and the last inequality follows from the fact

that ψ is convex by Lemma 1. Finally, since V∗ is convex by Proposition 2, (wλi , ŵ
λ
i ) ∈ Vi for

all i = 1, . . . N .

Suppose now that f(v, v̂, i−) is convex in (v, v̂) for all i = 1, . . . , N . Then

Tf(vλ, v̂λ, i−) ≤
N∑
i=1

[U−1(uλi )− yi +
1

R
f(wλi , ŵ

λ
i , i)]π(i|i−)

≤ λTf(va, v̂a, i−) + (1− λ)Tf(vb, v̂b, i−),

where the first inequality follows from the fact that (wλi , ŵ
λ
i ) is feasible but not necessarily

optimal. The second inequality follows from convexity of U−1 and f , and from the fact that

(ua, wa, ŵa) is optimal given (va, v̂a), and (ub, wb, ŵb) is optimal given (vb, v̂ab). Hence Tf is

convex in (v, v̂), and by the contraction mapping theorem the fixed point C is also convex in

(v, v̂).

By the corollary to the contraction mapping theorem and by strict convexity of U−1, the fixed

point C is strictly convex. If the autarky value is equal to minus infinity, then one can also

show that the incentive compatibility constraint is binding in the optimum:

Lemma 4 Suppose that V AUT = −∞. Then the incentive compatibility constraint (15) is

binding.
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Proof of Lemma 4. The proof is by contradiction. Fix (v, v̂, i−) and suppose that the

solution to the cost minimization problem is such that there is some i with

∆ ≡ ui + βwi − ψ(ui−1)− βŵi−1 > 0. (11)

Suppose without loss of generality that there is no other shock such that the incentive com-

patibility constraint (15) is slack. Define new continuation utilities (w̃, ˜̂w) as follows: for

j = 1, . . . i− 1, let w̃j = wj + ∆ [1− Π(i− 1|i−)] and ˜̂wj = ŵj + ∆ [1− Π(i− 1|i−)]. Then for

j = i, . . . , N define w̃j = wj −∆Π(i− 1|i−) and ˜̂wi = ŵj −∆Π(i− 1|i−).

By construction, the allocation (u, w̃, ˜̂w) then satisfies (15) with equality for all i = 2, . . . , N .

In addition, (16) and (17) hold, since

N∑
i=1

(ui + βw̃i)π(i|i−) =
N∑
i=1

(ui + βwi)π(i|i−) +
i−1∑
i=1

∆ [1−Π(i−1|i−)]−
N∑
i=i

∆Π(i−1|i−)

=
N∑
i=1

(ui + βwi)π(i|i−)

= v,

and similarly for (17). Propositions 3 and 2 imply that (w̃j, ˜̂wj) ∈ Vj. Thus, (u, w̃, ˜̂w) supports

(v, v̂) given V∗ and i−.

Since the cost function is strictly convex by Lemma 3 and (w̃, ˜̂w) is a mean preserving de-

crease in spread, it strictly reduces the expected costs. Hence (u,w, ŵ) cannot be a solution, a

contradiction.

3.4 Principal’s problem in the initial period

In the initial period problem the principal is not bound by any past promises and so chooses a

threat utility that minimizes the costs among all feasible threat utilities.

C∗(v, i−) = min
v̂

{
C(v, v̂, i−) | (v, v̂) ∈ V∗i−

}
.
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3.5 Validity of the Relaxed Problem

Once the relaxed problem has been computed, one can check numerically whether the relaxed

problem is valid. Compute first the lifetime utility of an agent who has reported j in the

previous period, but had in fact earnings i−:

V̂ (v, v̂, j|i−) =
N∑
i=1

[ui(v, v̂, j) + βwi(v, v̂, j)]π(i|i−) ∀j, i− = 1 . . . N. (12)

Note that, by construction, V̂ (v, v̂, j|j) = v and V̂ (v, v̂, j|j + 1) = v̂. But V̂ is more general

because it computes the continuation utility for all possible types.

The incentive compatibility constraint can be checked by computing for all i, j = 1, . . . , N the

following inequality:

Dj
i = ui + βwi − U

(
yi − yj + U−1(ui−j)

)
− βV̂ (wj, ŵj, j|i) . (13)

The quantity Dj
i shows the gain of an agent i from telling the truth relative to reporting that

his type is j, under the relaxed problem. For the relaxed problem to work correctly, it better be

the case that no report can deliver higher utility than truthtelling. We thus define the validity

of the relaxed approach as follows:

Definition 1 The relaxed approach is valid if for all (v, v̂, i−) ∈ V∗,

Dj
i ≥ 0 ∀i, j = 1, . . . , N. (14)

Note that misreporting the type affects the agent in two ways. First, it changes his current

transfer. Second, it changes the continuation utility V̂ (wj, ŵj, j|i). The effect on the continu-

ation utility is determined by several factors. First, it changes the continuation utility of the

truthtelling type, and the continuation utility of an agent who lied one step down. This in

turn affects the continuation utility of the misreporting agent. Clearly, one cannot obtain the

value of V̂ from the continuation utilities of the truthteller and the one-step-down deviator

only, except for trivial cases, because all the continuation utilities are expectations.
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3.5.1 Supersufficiency Conditions

One disadvantage of the condition (14) is that it is relatively hard to check, namely because the

computation of V̂ is very complex: for each element in the state space one needs to compute the

allocation for each possible current and next period report, and integrate it back with respect

to the probability distribution for every current period shock. It is therefore of interest to

find additional “supersufficiency“ conditions, that, although possibly stricter than (14), would

be easier to check, and also possibly easier to provide their economic interpretation. This

subsection presents one set of such conditions.

We start with a Lemma that presents conditions on the transfer policy and on the continuation

utilities that are sufficient for the validity of the relaxed approach.

Lemma 5 Suppose that V AUT = −∞. If τi decreases in i, and V̂ (wj, ŵj, j|i+ 1)−V̂ (wj, ŵj, j|i)
increases in j for all i = 1, . . . , N − 1, then the relaxed approach is valid.

Proof of Lemma 5. Fix an element of the state space. Let wij = V̂ (wj, ŵj, j|i). We first

show that if wi+1
j − wij increases in j and τi decreases in i then the relaxed approach is valid.

To see this, note that

U(yi + τi) + βwii

≥ U(yi + τi−1) + βwii−1

≥ U(yi−1 + τi−1) + βwi−1i−1 + U(yi + τi−2)− U(yi−1 + τi−2) + β
(
wii−2 − wi−1i−2

)
≥ U(yi−1 + τi−2) + βwi−1i−2 + U(yi + τi−2)− U(yi−1 + τi−2) + β

(
wii−2 − wi−1i−2

)
= U(yi + τi−2) + βwii−2.

The first inequality follows from the fact that i) τi is decreasing, hence U(yi + τi−1)−U(yi−1 +

τi−1) ≥ U(yi + τi−2) − U(yi−1 + τi−2), and ii) that wii−1 − wi−1i−1 ≥ wii−2 − wi−1i−2 by assumption.

The second inequality follows from applying (15) once again, and the last one from cancelling

terms. Continuing by induction, we can show that under the assumptions, all the downward

incentive compatibility constraints will be satisfied.
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To show that the upward incentive compatibility constraints are satisfied, note that the as-

sumptions imply that

U(yi + τi) + βwii + U(yi−1 + τi−1) + βwi−1i−1 ≥ U(yi + τi−1) + βwii−1 + U(yi−1 + τi) + βwi−1i

Since the incentive compatibility constrain (15) holds with equality by Lemma 4, the inequality

is equivalent to

U(yi−1 + τi−1) + βwi−1i−1 ≥ U(yi−1 + τi) + βwi−1i .

Hence the local upward incentive compatibility constraint is satisfied. Continuing by induction,

in the same way as with downward incentive compatibility constraints, we again obtain that

all the upward incentive compatibility constraints bind. Lemma 5 strengthens the condition

(14) by providing assumptions about both terms in the utility function separately. while the

monotonicity of the transfer function is intuitive, the second part is harder to interpret. It

says that the marginal gain from having a one step higher shock has to be increasing with the

agent’s report. Thus, there must be a complementarity between reports and shocks.

Next proposition shows conditions under which the complementarity between shocks and re-

ports exists, and provides supersufficiency conditions for the relaxed approach. Define first the

lifetime utility an agent with the current report i gets conditional on the next period shock

being k zi,k:

zi,k ≡ uk (wi, ŵi, i) + βwk (wi, ŵi, i) .

Then the proposition is as follows.

Proposition 5 Suppose that V AUT = −∞. If both τi is decreasing in i and zi,k+1 − zi,k is

increasing in i for all (v, v̂, i−) ∈ V∗ and for k = 1, . . . N − 1 then the relaxed approach is valid.

Proof of Proposition 5. we need to show that conditions of the Proposition imply that
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wi+1
j − wij increases in j. Rewrite the expression as follows:

wi+1
j − wij =

N∑
k=1

zj,k [π(k|i+ 1)− π(k|i)]

=
N−1∑
k=1

(zj,k − zj,I) [π(k|i+ 1)− π(k|i)]

=
N−1∑
k=1

(zj,k − zj,k+1) [Π(k|i+ 1)− Π(k|i)] .

By MLRP, Π(k|i+1)−Π(k|i) ≤ 0 for all k = 1, . . . N and i = 1, . . . , N−1. Thus, if zj,k−zj,k+1

decreases in j for all k = 1, . . . , N − 1 then wi+1
j − wij increases in j. The key requirement

is therefore that the gain from having a higher shock tomorrow zi,k+1 − zi,k is increasing in

the current shock. Thus, there is a complementarity between the current shock and the next

period shock. Since z is increasing in k by Corollary 2, the requirement is essentially that the

ex post utilities z need to be more sensitive to the next period shock. That is, if there is more

dispersion in the ex post utilities following a higher current shock, then the condition is likely

to be satisfied.

The relaxed problem assumes that the above constraint holds only for j = i − 1, and all the

other constraints are slack. One can then write the incentive compatibility constraint as

U(yi + τi) + βw′i ≥ U(yi + τi−1) + βŵ′i−1 ∀i = 2 . . . N. (15)

where, with some abuse of notation, w′i = w′i,i and ŵ′i−1 = w′i−1,i.

The allocation τ, w′, ŵ′ must deliver a lifetime utility w to the agent who truthfully reported

to have a shock i− last period, and a lifetime utility ŵ to a liar who reported a shock i− last

period but in fact had a shock i− + 1:

w =
N∑
i=1

[U(yi + τi) + βw′i]π(i|i−) (16)

ŵ =
N∑
i=1

[U(yi + τi) + βw′i]π(i|i− + 1) (17)
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The set of all admissible promised utility pairs (w, ŵ) is denoted by Vi− ⊆ R2
− is given by

Vi− = {(w, ŵ) ⊆ R2
−,∃(w′i, ŵ′i) ∈ Vi i = 1 . . . N − 1, ∃w′N ≤ 0,

such that (15), (16), (17) holds.}

The efficient contract solves the following dynamic program:

P (w, ŵ, i−) = min
(τi,w′i,ŵ

′
i)

N
i=1

N∑
i=1

[τi +
1

R
P (w′i, ŵ

′
i, i)]π(i|i−)

subject to (15), (16), (17), and

(w′i, ŵ
′
i) ∈ Vi ∀i = 1 . . . N.

3.6 General Equilibrium

We close the model by endogenizing the interest rate R. This simply means that average

consumption in the stationary distribution is equal to average earnings.

4 Data

4.1 Estimation of the earnings process

Our approach to estimating the earnings process is designed to (1) capture the key statisti-

cal properties in the micro data and (2) produce an earnings process that is consistent with

our theoretical framework. The appropriate measure of earnings for our model are household

earnings net of taxes and government transfers, but excluding private transfers. The earnings

process for each household i is given by

log Yi,t = Z ′i,tϕ
y
t + ŷi,t
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where t indexes time and Zi,t is a set of characteristics observable and known by household i at

time t (e.g. age, education, gender, “race” and either dummies for calendar time or a linear time

trend and dummies for birth cohort). We then decompose the residual idiosyncratic component

ŷi,t of log earnings into three components as follows

ŷi,t = αi + ẑi,t + x̂i,t.

where αi is the permanent component (since it doesn’t change over time), ẑi,t is the persistent,

and x̂i,t is the transitory i.i.d. component. The persistent component satisfies

ẑi,t−1 = ρẑi,t−1 + εi,t

where εi,t is an i.i.d. shock.4 The parameters to be estimated are the variances of the shocks
σ2
ε , σ

2
x and σ2

α, as well as the autocorrelation of the persistent shock ρ. This is done by GMM

where the moments are simply the autocovariances Γk = E[ŷi,tŷi,t+k], where the kth covariance

is computed as the average over all possible products ŷi,tŷi,t+k for which data is available.

When mapping our estimates to the theoretical framework, we ignore the permanent component

of the earnings. While this is a considerable simplification, it is worth noting that, unless people

can be insured before they are born, insurance markets will not provide insurance against those

shocks. We discretize the persistent component by a vector of length I. We expect the value

of the autocorrelation of the persistent component ρ to be very close to one (Storesletten et al.

(2004) estimate it to be 0.9989). Similarly, we discretize the transitory component by a vector of

length K, and compute the corresponding distribution. Those approximations serve as inputs

into the theoretical models described above.

4An alternative approach is taken by Guvenen (2007) who posits heterogeneity in the growth rate of earnings.
Guvenen justifies it by referring to the implied behavior of consumption. While we find Guvenen’s argument
interesting, it is done in the context of a financial market with riskless one-period bonds only and cannot be
directly applied to our model. We regard our work as complementary to Guvenen’s.
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4.2 Consumption Data

We replicate the Blundell et al. (2008) imputation to create a panel data on consumption and

earnings. We plan to consider two measures of consumption: consumption of nondurables,

and consumption of nondurables plus imputed services from consumer durables. In both cases,

we extract the unpredictable element in log of consumption ĉi,t by regressing the imputed

consumption on the set of observable characteristic Z:

logCi,t = Z ′i,tϕ
c
t + ĉi,t.

5 Confronting Theory with Data

In this section we examine the quantitative implications of our theory and compare and contrast

those implications with the implications of the models of Huggett (1993), Krueger and Uhlig

(2005) and Krueger and Perri (2004b). For the purposes of this preliminary confrontation, we

simplify the earnings process considerably compared to what we described above and assume

simply a two-state Markov chain. We do this to simplify the solution especially of our own

model. Anyhow, let’s begin by looking at some facts.

5.1 Some features of the data

The data sources used here are household level the PSID and the CEX from the United States.

Our concept of earnings is after tax and government transfers, and our concept of consumption is

expenditure on non-durables, and the frequency of measurement is annual. The basic approach

here is to take logs of earnings and of consumption (and consequently throwing out zero or

negative observations). We then extract the idiosyncratic component by regressing on dummies

describing whether the household is a married couple, a single man or a single woman, time

dummies and a polynomial in the age of the head of household. We then retain the residuals.
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With this approach the standard deviation of earnings is about 0.455 and the standard deviation

of consumption is 0.41.6

A common measure of the degree of risk sharing is the regression coefficient of consumption

changes and earnings changes. As discussed in Gervais and Klein (2010), there are some

serious econometric issue involved with measuring it in U.S. data. The value that they report

for this coefficient, on a quarterly rather than a yearly basis, is about 0.12. Using a more

straightforward, but invalid, OLS approach, the annual number is about 0.07. This is evidence

of a lot of risk sharing; consumption does not respond very much to earnings changes.

Another feature of the data worth noting is the autocorrelation of consumption and earnings.

What we find is that the annual autocorrelation is 0.78 for earnings and 0.66 for consumption.

Thus consumption is apparently less autocorrelated than earnings. It remains an open question

as to whether this is entirely due to measurement error. The fact that consumption has a smaller

variance suggests, but certainly does not establish, that measurement error might not be the

whole story.

A striking feature not only of U.S. micro data is that the cross-sectional distribution of (log)

consumption is more symmetric than that of earnings. In fact, (log, residual) earnings are

somewhat skewed to the left, with a skewness coefficient of about -0.4.7 Meanwhile, the con-

sumption distribution is virtually symmetric; see Figure 2. This fact is documented for Canada

in Brzozowski et al. (2008) and for the United Kingdom in Battistin et al. (2009).

5 Source: PSID 1980-1992.
6 Source: CEX 1980-2003.
7 Source: PSID.
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Figure 2: Histogram for log consumption in CEX 1980-2003
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For the purpose of a very preliminary confrontation between the data and various models,

including our own, we will consider environments with the following features. Earnings follows

a two-state Markov chain with standard deviation 0.3, skewness −0.35 and autocorrelation

0.78 (or zero in the case of the Krueger and Uhlig (2005)). The mean of earnings is normalized

to 1 and the market interest rate R is determined so as to ensure that average earnings in

the stationary distribution is also equal to one. (Throughout we focus only on Agents rank

consumption streams according to

E

[
∞∑
t=0

βt
c1−σt

1− σ

]
where β = 0.96 and σ = 2. Principals rank consumption streams according to

E

[
∞∑
t=0

R−t(yt − ct)

]
.

Implications for consumption of self-insurance Here we look at the implications of the

Huggett (1993) model where agents face the following budget constraint

ct + bt+1 = yt +Rbt
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and a borrowing limit bt+1 ≥ b where b = −y`/(R− 1), the so-called natural borrowing limit.8

In the stationary distribution, the standard deviation of consumption is a bit higher than that

of earnings, namely 0.36. The reason it is so high is that the borrowing limit is so loose; this

gives rise to a high degree of dispersion of wealth and consequently of consumption as well.

Meanwhile, the regression coefficient of consumption changes on earnings changes is a reasonable

0.16. One would expect it to be a bit higher on an annual basis than on a quarterly basis so this

is broadly consistent with the data. On the other hand, the autocorrelation of consumption is

much higher than that of earnings; 0.99 compared with 0.78. Yet the most striking inconsistency

with the data is the skewness of consumption. The model’s skewness coefficient for (log)

consumption is −1.6, much larger in magnitude than the skewness of earnings. In Figure 3 we

can see this in a histogram. Clearly log consumption is skewed to the left, which it is not in

the data.

8 A stricter borrowing limit does not change the results qualitatively with respect to the features considered
here, though it certainly changes the results quantitatively.
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Figure 3: Histogram for log consumption in Huggett
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Implications for consumption of limited enforcement Here we consider the implications

of the Krueger and Uhlig (2005) model where agents have the option to walk away in any period

and sign up with another principal. In this context it is important to notice that the timing of

the limited enforcement constraint is subtly different from what it is in our model, in addition

to the outside option being different. In our model, the agent wakes up in the morning, observes

the earnings shock, reports earnings to the principal, receives or pays the current period transfer

according to the contract and can then choose to walk away and live in autarky. In the Krueger-

Uhlig environment, the agent wakes up, observes earnings, and can then walk away immediately

and sign up with a competing principal.

In this environment, the stationary distribution has the following features. The standard devi-

ation of consumption is very low indeed, about 0.01. The regression coefficient of consumption

changes on earnings changes is 0.018, reflecting a great deal of risk sharing, though this is to

some extent biased by the fact that this version of the model assumes i.i.d. earnings and persis-

tent earnings are harder to insure. [[Insert sentence about regression coefficient of consumption

changes on income changes in 15-state version of the Krueger-Perri model here.]] Nevertheless,

the result that consumption has a much lower standard deviation than earnings survives. So

does the result that consumption is much more autocorrelated than earnings. In the version of
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the model considered here, the autocorrelation of consumption is 0.42, clearly a lot more than

zero; in the alternative version where earnings have an autocorrelation of 0.78, consumption has

an autocorrelation of 0.96. Similar remarks apply to skewness; the skewness of consumption

in the stationary distribution of the limited enforcement model considered here is -2.2; in the

alternative model it is -0.75, in both cases clearly greater in magnitude than the skewness of

earnings. Figure 4 displays a histogram for log consumption in our calibration of the Krueger

and Uhlig (2005) model and the picture is quite stark. The tendency for consumption to jump

up when the participation constraint binds for the high type and drift down whenever the

participation constraint doesn’t bind for the low type, produces a very strong tendency for

consumption to be skewed to the left. Clearly this is not a feature found in the data at all.

Figure 4: Histogram for log consumption in Krueger-Uhlig
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Implications for consumption of private information and limited enforcement Fi-

nally, we consider the implications of our own model. General equilibrium considerations require

us to set the gross interest rate R equal to about 1.038, which is of course lower than β−1 which

is equal to about 1.042. The standard deviation of log consumption is about 0.21, which is less

than the standard deviation of log earnings (0.53). The regression coefficient of consumption

changes on income changes is 0.05. In levels, this regression coefficient is 0.15. The autocorre-

lation of log consumption is 0.98, considerably higher than the autocorrelation of log earnings.
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Meanwhile, the skewness of log consumption is -1.28, which is a lot bigger in magnitude than

the skewness of log earnings. Nevertheless, conditional on consumption being greater than 60

percent of its mean, which is true 96 percent of the time, log consumption is about as skewed

as log earnings are. However, it seems possible that consumption would start to look more log

normal once we add more points to the earnings process. Even now, log consumption is more

symmetric than in the pure limited enforcement model.
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Figure 5: Histogram for log consumption in Kapička-Klein
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To understand better how our model works, it is useful to look at an example sequence of

consumption and earnings. As shown in Figure 6, consumption tends to drift down when

earnings are low, until it hits the low earnings level; it never falls below that, otherwise the

agent would walk away. That feature is shared with the limited enforcement model of Krueger
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and Uhlig (2005) and others. Meanwhile, and here is the key to avoiding the strong tendency for

consumption to be skewed to the left, consumption tends to drift gradually up when earnings

are high. In this sense, the consumption dynamics are richer in this model than in the pure

limited enforcement environment.
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Figure 6: Example sequence of consumption and earnings
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6 Concluding remarks

Existing models of consumption risk sharing have some rather striking counterfactual assump-

tions. We highlight some here; others are discussed in Broer (2009). In this paper we develop

a new environment for studying risk sharing, and we hope that upon refinement it will help us

understand these recalcitrant facts a bit better. Or, at the very least, we hope to learn a bit

more about what doesn’t work. Even now, we see that our model is able to deliver a degree of

consumption risk sharing that falls somewhere in between the Huggett (1993) and the Krueger

and Uhlig (2005). Moreover, the dynamics of consumption in the model are much richer than

in the pure limited enforcement model. In particular, not only does consumption gradually

drift downwards when earnings are low, but they gradually drift upwards when earnings are

high, as in the Huggett model.

Future work should include an examination of how simulated data from our model stand up to

the econometric tests of Kinnan (2009) and Bold (2012).

Appendix A Proofs

Proof of Lemma 1. Differentiating ψ(u) twice one gets that

ψ′′(u) =
U ′ (U−1(u) + δ)

U ′ (C(u))2

[
−U ′′ (U−1(u))

U ′ (U−1(u))
− −U

′′ (U−1(u) + δ)

U ′ (U−1(u) + δ)

]
.

The assumption that −U
′′(c)

U ′(c)
is decreasing in c implies that ψ′′(u) > 0. Rearranging terms, one

gets

ψ′′(u) =
U ′(U−1(u) + δ)

U−1(u)U ′(U−1(u))2
×

×
[
−U−1(u)U ′′ (U−1(u))

U ′ (U−1(u))
− U−1(u)

U−1(u) + δ

− (U−1(u) + δ)U ′′ (U−1(u) + δ)

U ′ (U−1(u) + δ)

]
.

The assumption that −cU
′′(c)

U ′(c)
is decreasing in c and the fact that c

c+δ
< 1 imply again that

ψ′′(u) > 0.
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Proof of Proposition 2. The result follows from the fact that the promise keeping constraint

(16), the threat keeping constraint (17) and the left hand side of the incentive compatibility

constraint (15) are all linear in u and w, and that the right-hand side of (15) is convex in u

and w by Lemma 1 under the assumptions of the Proposition.

Proof of Proposition (1). Let (v, v̂) ∈ V∗i− . Then there exists some transfer policy τ such

that it satisfies (1) -(3), W (τ, i) = v, and W (τ, i + 1) = v̂. Define an allocation (u,w, ŵ) by

ui = U(yi + τi), wi = W (τ |i, i) and ŵi = W (τ |i, i+ 1). Since τ |i satisfies (1) -(3), one has

(wi, ŵi) ∈ V∗i ∀i = 1, . . . N − 1.

Since τ satisfies (1), the constraint (15) holds. Similarly, (6) and (7) holds as well. Hence

(u,w, ŵ) is admissible w.r.t. V∗. One can easily show that it supports (v, v̂) at i−. Hence

(v, v̂) ∈ T V∗i− and, consequently, V∗i− ⊆ (T V∗)i− .

To show the reverse implication, suppose that (v, v̂) ∈ T V∗i− . Then there exists some allocation

(u,w, ŵ) such that the constraint (15) holds and (wi, ŵi) ∈ V∗i for all i = 1, . . . , N −1. Define a

transfer policy τ as follows. Let τ1(i) = U−1(ui)−yi. Since (wi, ŵi) ∈ V∗i for all i = 1, . . . , N−1,

there is some transfer policy τ̃ i such that W (τ̃ i, i) = wi and W (τ̃ i, i+ 1) = ŵi. Define τ |i = τ̃ i.

It is easy to see that τ defined in this way satisfies (1) -(3), that W (τ, i−) = v, and that

W (τ, i− + 1) = v̂. Thus, (v, v̂) ∈ V∗i− and so (T V∗)i− ⊆ V∗i− .

Proof of Lemma 2. Suppose that j1 ≥ j0. Then

π(j1|i+ 1)π(j0|i) ≥ π(j1|i)π(j0|i+ 1)

Summing those inequalities over j0 = 1 . . . j1, one gets

π(j1|i+ 1)Π(j1|i) ≥ π(j1|i)Π(j1|i+ 1).

Similarly, summing over j1 = j0 + 1 . . . N ,

(1− Π(j0|i+ 1))π(j0|i) ≥ (1− Π(j0|i))π(j0|i+ 1).
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Since both equations hold for any j0 and j1, we can write, for any j,

1− Π(j|i+ 1)

1− Π(j|i)
≥ π(j|i+ 1)

π(j|i)
≥ Π(j|i+ 1)

Π(j|i)
,

hence
1− Π(j|i+ 1)

Π(j|i+ 1)
≥ 1− Π(j|i)

Π(j|i)
,

and so Π(j|i) ≥ Π(j|i+ 1) for any j.

To prove Proposition 3, the following lemma will be needed.

Lemma 6 If MLRP holds, then for any increasing vector (f1, . . . , fN) and any i− = 1, . . . , N−
1,

N∑
i=1

fiπ(i|i− + 1) ≥
N∑
i=1

fiπ(i|i−).

Proof. Suppose by contradiction that

N∑
i=1

fiπ(i|i− + 1) <
N∑
i=1

fiπ(i|i−). (18)

Fix i− and define gi = π(i|i−+1)
π(i|i−) . Since MLRP holds, the vector g is increasing. Now rewrite

(18) using g:

N∑
i=1

figiπ(i|i−) <
N∑
i=1

fiπ(i|i−) =
N∑
i=1

fiπ(i|i−)
N∑
i=1

giπ(i|i−).

That is, E(fg) < E(f)E(g), and so f and g are strictly negatively correlated. This is a

contradiction, since both f and g are increasing.

Proof of Proposition 3. The lower bounds on utility constraint can be dropped since the

lower bound is minus infinity.

i) We will first prove that V (v, i−) ≤ v. Consider an allocation that assigns ui = 0 for all

i = 1 . . . N (by setting τi = ∞) and wi = v
β
. This allocation is trivially incentive compatible

since it is independent of the report. It also delivers v̂ = v. Hence V (v, i−) ≤ v.
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We will next show that V (v, i−) ≥ v. The proof uses induction, and a limit argument. Consider

a truncated problem where the agents live only for T periods t = 1, . . . , T . Let (u
(T )
i,t , w

(T )
i,t+1) be

an allocation of the truncated problem in period t = 1, . . . , T , with w
(T )
i,T+1 = 0 by truncation.

Let also V
(T )
t (v, i−) be the lower contour of the truncated problem in period t = 1, . . . , T . The

incentive compatibility constraint (15) in the last period T together with properties of ψ imply

that

ui,T ≥ ψ(ui−1,T ) ≥ ui−1,T ,

and so (u1,T , . . . , uN,T ) is an increasing vector. By Lemma 6, for any i− = 1, . . . , N − 1,

V
(T )
T (v, i−) =

N∑
i=1

ui,T π(i|i− + 1) ≥
N∑
i=1

ui,T π(i|i−) = v.

Now assume that V
(T )
t+1(v, i−) ≥ v for some t ∈ (1, . . . , T ), for all i− = 1, . . . , N − 1. The

incentive compatibility constraint in period t implies

ui,t + βwi,t+1 ≥ ψ(ui−1,t) + βV
(T )
t+1(wi−1,t+1, i− 1) ≥ ui−1,t + βwi−1,t+1.

Hence ui,t + βwi,t+1 increases in i. By Lemma 6, for any i− = 1, . . . , N − 1,

V
(T )
t (v, i−) =

N∑
i=1

(ui,t + βwi,t+1) π(i|i− + 1) ≥
N∑
i=1

(ui,t + βwi,t+1)π(i|i−) = v.

Hence, by induction, V
(T )
t (v, i−) ≥ v for all t = 1, . . . , T , all i− = 1, . . . , N − 1. Since T was

arbitrary we have

V (v, i−) = lim
T→∞

V
(T )
1 (v, i−) ≥ v.

ii) Consider an upper bound on the upper contour that ignores the incentive compatibility

constraint. The solution is such that the principal assigns the lowest possible utility to a state

i such that

i = arg min
k=1...N

π(k|i− + 1)

π(k|i−)
.
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MLRP implies that i = 1. Thus

u1 + βw1 =
v

π(1|i−)

ui + βwi = 0, i 6= 1.

It follows that ui = wi = 0 for all i > 1. Set w1 = 0. Then u1 < 0. Since ψ(0) = 0 and ψ

is increasing, the incentive compatibility constraint (15) is satisfied for all i = 2, . . . , N . The

upper contour is then given by

V (v, i−) = (u1 + βw1)π(1|i− + 1) =
π(1|i− + 1)

π(1|i−)
v,

where the last equality follows from substituting in the expression for u1 + βw1.

Proof of Proposition (4). Ignore the constraint (7). Properties of the upper boundary

follow from Corollary (1). For the lower boundary assume that v = V AUT(i−). Note that it

follows from Corollary (1) that the lower bound on the continuation utility will bind, i.e.

wi = V AUT(i) ∀i = 1, . . . N.

It then follows from (16) and the definition of autarky that the period utility has to satisfy

N∑
i=1

uiπ(i|i−) =
N∑
i=1

U(yi)π(i|i−).

Since the continuation utility is independent of the current report, the allocation is incentive

compatible only if ui = U(yi) for all i = 1, . . . , N . It then follows that

V ∗
(
V AUT(i−), i−

)
=

N∑
i=1

(ui + βwi)π(i|i− + 1)

=
N∑
i=1

(
U(yi) + βV AUT(i)

)
π(i|i− + 1)

= V AUT(i− + 1).

In addition, it follows that the constraint (7) is satisfied automatically, and hence does not

bind.
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Proof of Corollary 2. We have for all i = 2, . . . , N ,

ui + βwi ≥ ψ(ui−1) + βŵi−1

≥ ψ(ui−1) + βV (wi−1, i− 1)

≥ ui−1 + βwi−1

where the first inequality follows from (15), the second one from definition of the lower contour,

and the third one from Proposition (3) and the properties of ψ.

Appendix B Fernandes-Phelan Recursive Formulation

Except for the initial period, the principal is constrained by a vector of promised utilities

(v1, . . . , vN). An allocation is given by {τj, wij}Ni,j=1, where τj ≥ 0 denotes a transfer to an agent

who currently reports shock j, and wij ≤ 0 is his continuation utility, where j is the report of

the agent and i is the shock. The incentive compatibility requires that the agents prefer to tell

the truth about their shock to any other report:

U(yi + τi) + βwii ≥ U(yi + τj) + βwij ∀i, j = 1 . . . N. (19)

Let V ⊆ RN
− . An allocation is said to be admissible with respect to V if it satisfies the incentive

compatibility constraint ( 19), and the continuation utilities are drawn from the set V :

(w1
i , . . . , w

N
i ) ∈ V ∀ i = 1 . . . N.

An allocation generates a lifetime utility vi− to an agent who has received a shock i− last period,

given by

vi− =
N∑
i=1

[U(yi + τi) + βwii]π(i|i−) ∀n = 1 . . . N. (20)

If an allocation admissible with respect to V satisfies (20), it is said to support (v1, . . . , vN)

given V . The set of all lifetime utility vectors that are supported by some allocation that is
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admissible with respect to V defines an operator T :

T V = {(v1, . . . , vN)| There exists an allocation that supports (v1, . . . , vN) given V}.

Let V∗ be the largest fixed point of the operator T . The efficient contract can be found as

follows. The social planner’s cost function C : V∗ × N → R satisfies the following Bellman

equation:

C(v1, . . . , vN , i−) = min
(τj ,wi

j)
N
i,j=1

N∑
i=1

[τi +
1

R
C(w1

i , . . . , w
N
i , i)]π(i|i−)

subject to a constraint that

(τj, w
i
j)
N
i,j=1 supports (v1, . . . , vN) given V∗.

The value function therefore has I continuous dimensions. That is in general intractable except

for a case when I is very small.
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